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Many engineering materials exhibit ﬂuctuations and uncertainties on their macroscopic
mechanical properties. This randomness results from random ﬂuctuations observed at a
lower scale, especially at the meso-scale where microstructural uncertainties generally
occur. In the present paper, we ﬁrst propose a complete theoretical stochastic framework
(that is, a relevant probabilistic model as well as a non-intrusive stochastic solver) in which
the volume fraction at the microscale is modelled as a random ﬁeld whose statistical
reduction is performed using a Karhunen–Loeve expansion. Then, an experimental proce-
dure dedicated to the identiﬁcation of the parameters involved in the probabilistic model is
presented and relies on a non-destructive ultrasonic method. The combination of the
experimental results with a micromechanical analysis provides realizations of the volume
fraction random ﬁeld. In particular, it is shown that the volume fraction can be modelled by
a homogeneous random ﬁeld whose spatial correlation lengths are determined and may
provide conditions on the size of the meso-volumes to be considered.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
The introduction of randomness into a mechanical modelling process has received a quite large attention from the scien-
tiﬁc community. In particular, stochastic mechanics has become widespread due to the development of the stochastic ﬁnite
elements method (SFEM) – see, for a general overview, the book from Ghanem and Spanos (1991), as well as the general
reviews (Keese et al., 2004; Schueller, 1997). These methods however deal with random properties which ﬂuctuate at a mac-
roscopic scale (that is for instance, a Young’s modulus over a composite plate) and thus, one can wonder on how such ran-
dom macroscopic properties can be assessed without completely resorting to expensive and time-consuming material
qualiﬁcation loops. In order to achieve such a rather difﬁcult task, multi-scale approaches seem to be promising, provided
they can properly integrate, in a way to be deﬁned, the random dimension of the physical phenomenon (Graham-Brady
et al., 2006). Surprisingly, only a few papers were dedicated to such a multi-scale probabilistic approach and the topic (in
particular, the construction of relevant probabilistic models) still remains quite unexplored (Ostoja-Starzewski, 2006; Gra-
ham and Baxter, 2001; Soize, 2006; Soize, 2008).
Dealing with compositematerials, it is well-known that the randomness is mainly due to themanufacturing process (com-
bined to the batch-to-batch variability). The nature of the uncertainties itself depends on the technology or equivalently, on. All rights reserved.
uilleminot).
Fig. 1. Fiber clustering in long ﬁber suspensions (redrawn from Ranganathan and Advani, 1990; Advani, 2002).
5568 J. Guilleminot et al. / International Journal of Solids and Structures 45 (2008) 5567–5583the nature of the composite. Laminates are typically manufactured using a consolidation process (inside an autoclave for in-
stance), yielding in most cases to uncertainties on the deﬁnition of the composite part itself (geometry, thicknesses, etc.). In
the case of injection moulding, one may consider three main microstructural features: the ﬁnal length of the ﬁbers, their ori-
entation and their distribution inside the material. Here, one typically distinguishes two main cases (Advani, 2002):
 case of short ﬁber composites: the initial length of the ﬁbers is quite well preserved, the orientation is well predicted con-
sidering the ﬂow lines, the distribution of the ﬁbers is homogeneous over the composite part;
 case of long ﬁber composites: due to ﬁber breakage during the process (shearing action in the screw), a length distribution
is often observed. Also, deﬁning an orientation tensor may be meaningless because the ﬁbers are curved and so, no par-
ticular randomness on orientation can be clearly introduced (in most cases, the composite may be approximated as iso-
tropic). Finally, ﬁber clustering can be observed, leading to random ﬂuctuations of the volume fraction (see Fig. 1).
In this paper, we investigate the case of long ﬁber thermoplastic materials (modelled as a two-phase composite), for
which uncertainties on the volume fraction at a meso-scale are clearly observed along both the injection ﬂow and thickness
directions (Coulon, in press). It is assumed that a ﬁber length distribution exists but has a negligible effect on the random
macroscopic mechanical behavior. The main objective of the paper is then to propose a newmethodology that allows to eval-
uate the impact of such a microstructural uncertainty at the meso-scale of composite materials.
2. Scales setting
In order to take into account these local ﬂuctuations, as well as to properly catch the randomness at the meso-scale, we
consider three different scales (namely the microscale, the meso-scale and the macroscale) that are assumed to be well sep-
arated (see Fig. 2). Such a scale separation implies that there exists an unique continuum approximation at the meso-scale.
Then, the micro and meso-scale are respectively deﬁned as follows:
 the microscale is deﬁned by a characteristic length d (determined from experimental considerations and considering the
size of the ﬁbers) which is higher than the characteristic length of the ﬁbers. Such a property (i) allows one to deﬁne a
randomly ﬂuctuating microscopic volume fraction (denoted by f hereafter) whose probabilistic model will be constructed
in this paper (ii) amounts to smooth the random ﬂuctuations that may exist at lower scales. From an experimental stand-
point, this results in considering a partition of the composite into N micro-volumes of equal volume.
 each mesovolume is determined by a set of tm micro-volumes (here, tm 2 N is a parameter of the modelling). Then, a ran-
domly ﬂuctuating volume fraction at the meso-scale can be deﬁned and will be denoted by F. In particular, the trajectories
of F can be obtained from the ones of f (as detailed in Section 3.1.2), with reference to a mesoscopic partition (involving N
mesovolumes, with N ¼ tmN). The characteristic length of the mesocale can be determined using a parametric probabi-
listic analysis, as explained in Soize (2008).
It should be emphasized that for a more general class of microstructures, such a separation of scales can not be stated. In
this case, one may refer to the works by Huet (1990) (see also Ostoja-Starzewski, 1999), where hierarchical bounds of the
effective tensors, derived with reference to ordered scale ratios, are derived.
Section 3 presents the general mathematical framework as well as the stochastic multiscale modelling. The experimental
analysis (used for the identiﬁcation of parameters involved in the probabilistic model) is then detailed and discussed in Sec-
tion 4.
Fig. 2. Top: experimental partition and scale separation. Bottom: successive homogenization procedures.
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Since the volume fraction at the meso-scale ﬂuctuates along both the spatial axis and the probabilistic dimension, it has
to be modelled as a random ﬁeld. In general, a probabilistic modelling procedure relies on three critical steps:
(1) establishing a suitable representation for the random quantity, as detailed in Section 3.1;
(2) deﬁning a strategy in order to identify the parameters involved in the representation (see Section 3.2);
(3) choosing the most relevant stochastic solver taking into account the probabilistic dimension of the problem, as dis-
cussed in Section 3.3.
3.1. Construction of a probabilistic model
Since the size of the meso-volume is unknown a priori, it is proposed to model the microscopic random ﬁeld f , the cor-
responding random ﬁeld at the meso-scale F being determined in turn using an average rule (see (3.1.2)).
3.1.1. Deﬁnition of a class of random ﬁelds for modelling the microscopic random ﬁeld
Let f ðxÞ, x 2 X be a random ﬁeld deﬁned on a probability space ðH;F;PÞ, indexed by a bounded set X in R2 with values in
½0;1  R. For hk 2 H, the mapping x7!f ðx; hkÞ from X into ½0;1 deﬁnes a trajectory of the random ﬁeld. It is assumed that f is
a second-order random ﬁeld. Let x7!f ðxÞ ¼ Eff ðxÞg be its mean function from X into ½0;1, in which E denotes the mathemat-
ical expectation. Let ðx;x0Þ7!Rf ðx;x0Þ ¼ Eff ðxÞf ðx0Þg be its autocorrelation function from XX into R. Finally, let
ðx;x0Þ7!Cf ðx;x0Þ ¼ Efðf ðxÞ  f ðxÞÞðf ðx0Þ  f ðx0ÞÞg ¼ Rf ðx;x0Þ  f ðxÞf ðx0Þ be its covariance function from XX into R. It is as-
sumed that the correlation function satisﬁes the following condition:Z
X
Z
X
Rf x;x0ð Þ
 2dxdx0 < þ1 ð1Þwhich makes the correlation operator a Hilbert–Schmidt operator, allowing one to proceed to a statistical reduction of the
random ﬁeld, as further detailed in Section 3.1.4.
3.1.2. Deﬁnition of the set of experimental realizations
We consider pexp composite plates which are interpreted as pexp independent realizations of the microscopic random ﬁeld.
Since the volume fraction is an additive property, realizations of the mesoscopic random ﬁeld F are determined from the fol-
lowing average rule:8k 2 1; . . . ;pexpf g; 8j 2 1; . . . ;Nf g; FexpðjÞ hkð Þ ¼ 1tm
Xtm
t¼1
f expðtÞ hkð Þ ð2Þ
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S
lxl, was introduced and is such
that f expðtÞðhkÞ ¼ f ðx; hkÞ;x 2 xt . The set of experimental results is then deﬁned asSexp ¼ f exp xi; hj
 
; i 2 1; . . . ;Nf g; j 2 1; . . . ;pexpf g  ð3Þ
where f expðxi; hjÞ ¼ f expðx; hjÞ, x 2 xi.
3.1.3. Estimation of the mean and correlation functions from experimental results
Unbiased estimates of the mean and correlation functions are determined from Sexp and are respectively given bybf pexp xið Þ ¼ 1pexp X
pexp
k¼1
f exp xi; hkð Þ ð4Þ
bCf xi;xj  ¼ 1pexp  1 X
pexp
k¼1
f exp xi; hkð Þ  bf pexp xið Þ  f exp xj; hk  bf pexp xj   ð5Þfor ði; jÞ 2 f1; . . . ;Ng2.
3.1.4. Statistical reduction of the random ﬁeld
Since the number of parts N involved in the partition may become quite large, it is convenient to proceed to a reduction of
the random ﬁeld by means of a Karhunen–Loeve expansion (Loève, 1977). Thus, the random ﬁeld is next written asfMðxÞ  f ðxÞ þ
XM
a¼1
ﬃﬃﬃﬃﬃ
ka
p
gawaðxÞ ð6Þwhere M should be lower than N. Let fkagMa¼1 and fwagMa¼1 be the eigenvalues and eigenvectors of the covariance operator,
that is, they satisfy the following eigenvalue problem (see Loève, 1977)Z
X
Cf x; x0ð Þwa x0ð Þdx0 ¼ kawaðxÞ ð7Þwhich has to be solved numerically in the present case (Ghanem and Spanos, 1991). Making use of a collocation method, Eq.
(7) is classically converted into the following matrix eigenproblem:bCfW ¼ KW ð8Þ
whereW and K are the modal matrix (whose columns will be denoted by ~wa) and the canonical form of bCf , respectively. It is
worth noticing that Eq. (6) basically corresponds to a truncated representation introducing an error of approximation. It can
then be proved that the norm of the error takes the form (Soize and Ghanem, 2004):E f  fMk k2H
n o
¼
Z
X
tr Cf x;xð Þ

 
dx
XM
k¼1
kk ð9ÞEq. (9) allows one to estimate the norm of the error resulting from the truncation and thus, the determination of an optimal
order of expansionM. In practice, denoting by Ncolloc the number of collocation points involved in the discretization of Eq. (7),
one has to study the convergence of the function p7!Conv-KLðpÞ from ½1 	 	 	Ncolloc into ½0;1 and deﬁned asConv-KL : p7!Conv-KLðpÞ ¼
PNcolloc
i¼1
ki 
Pp
i¼1
ki
PNcolloc
i¼1
ki
ð10ÞThe random vector g ¼ ðg1; . . . ;gMÞ is such thatE gaf g ¼ 0; E gagb
n o
¼ dab ð11Þ(where d is the Kronecker delta) and has a probability distribution which depends on the probability law of the random ﬁeld
f and which can be constructed as explained in Soize and Ghanem (2004). Making use of the orthogonality of the basis
fwagMa¼1 in Eq. (6), one computes the independent realizations gaðhjÞ:ga hj
  ¼ 1ﬃﬃﬃﬃﬃ
ka
p f hj
  bf ; ~waD E ð12Þ
where fðhjÞ ¼ ðf ðx1; hjÞ; . . . ; f ðxN; hjÞÞ, bf ¼ ðbf ðx1Þ; . . . ;bf ðxNÞÞ and h	; 	i denotes the classical inner product in RN . The centred ran-
dom vector g can be classically represented using a polynomial Gaussian chaos expansion (Soize and Ghanem, 2004; Wiener,
1938) which is written at the qth order as
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Xq
c;jcj¼1
zc
Hc Xð Þﬃﬃﬃﬃ
c!
p ð13Þ
where c is a multi-index ðc1; . . . ; cmÞ 2 Nm (with jcj ¼
Pm
k¼1ck 6 q and c! ¼
Qm
k¼1ck!), X is a m-dimensional zero-mean Gauss-
ian vector (EfXiXjg ¼ dij), HcðXÞ ¼
Qm
k¼1hck ðXkÞ (where hck ðxÞ is the one-dimensional Hermite polynomial of order ck) and zc is
a vector in RM . Combining the relation Efgagbg ¼ dab with Eq. (13) yieldsXq
c;jcj¼1
zczTc ¼ IM ð14Þwhere IM is the M M unit matrix. Denoting by Q the number of terms in the sum above, it is readily seen that a necessary
condition for Eq. (14) to hold is thatM 6 Q ¼ ðmþ qÞ!
m!q!
 1 ð15Þwhich provides an usefull inequality between the size m of the Gaussian germ X, the order q of the Polynomial chaos expan-
sion and the order of truncature M of the Karhunen–Loeve representation. Since it is known that adding terms in the poly-
nomial chaos expansion does not necessarily improve the approximation (in practice, a convergence analysis has to be
performed) (Field and Grigoriu, 2004) and since an optimal value for M can be derived from Eqs. (9) and (15) can then be
used for choosing a suitable size m of the germ.
Remark 1. Despite the fact that there is a straightforward formal analogy between Eq. (6) and the formulation used by
Garajeu and Suquet (2007) (see their Eq. (3.1)), it must be emphasized that Eq. (6) integrates explicitly the randomness of the
ﬂuctuations.3.2. Identiﬁcation of the chaos coefﬁcients
Let fN1;N2; . . . ;Npexpg be pexp experimental realizations of random vector g (with Ni ¼ gðhiÞ and Nij ¼ gjðhiÞ), computed
from Sexp using Eq. (12). Let Z be the M  Q matrix whose columns are the vectors zc. Eq. (14) can be rewritten asZZT ¼ IM ð16Þ
Let pg be the probability density function of g. Finally, let C be the manifold deﬁned by Eq. (14). The estimation of Z can be
performed using the maximum likelihood method, as detailed in Desceliers et al. (2006). The identiﬁcation problem can then
be stated as follows:R1 : max
Z2C
L N1; . . . ;Np
exp
;Z
 
ð17Þwhere L is the likelihood function deﬁned asL N1; . . . ;Np
exp
;Z
 
¼
Ypexp
i¼1
pg N
i;Z
 
ð18ÞIn practice, such an optimization problem is very time-consuming because of the estimation of the joint probability density
functions. Thus, one substitutes L by fL, given by Desceliers et al. (2006)fL N1; . . . ;Npexp ;Z  ¼Ypexp
i¼1
YM
j¼1
pgj N
i
j;Z
 
ð19ÞNote that the approximation deﬁned by Eq. (19) is relatively efﬁcient because the random variables ga, while statistically
dependent, are uncorrelated. This yields the following approximation R2 of R1:R2 : max
Z2C
fL N1; . . . ;Npexp ;Z  ð20Þ
Furthermore, for computational purposes, one classically considers the log-likelihood function fLlog ¼ log10ðfLÞ, resulting in
the ﬁnal approximation R3 of the initial optimization problem R1:R3 : max
Z2C
fLlog N1; . . . ;Npexp ;Z  ð21Þ
wherefLlog N1; . . . ;Npexp ;Z  ¼Xpexp
i¼1
XM
j¼1
log10 pgj N
i
j;Z
 h i
ð22Þ
5572 J. Guilleminot et al. / International Journal of Solids and Structures 45 (2008) 5567–5583For physical systems, this optimization problem is very high-dimensional and it appears that classical deterministic opti-
mization algorithms are not suitable for such an analysis. Moreover, the algebraic constraint deﬁned by Eq. (16) makes
genetic algorithms uneffective because this property can not be reasonably transmitted between two successive gener-
ations. Thus, it follows that a random search procedure has to be used in order to solve R3. The problem is then reduced
to (i) randomly generate a set of matrices Z ¼ fZigN
OPT
i¼1 (where N
OPT should be as large as possible) satisfying Eq. (16), (ii)
evaluate for each Z the log-likelihood function fLlogðN1; . . . ;Npexp ;ZÞ. The general algorithm is as follows (Desceliers et al.,
2006):
(i) Procedure for generating the set fZigN
OPT
i¼1 :
(1) Randomly generate a matrix Z0 whose components are independent uniform real random variables in ½1;1.
(2) Let Y0 ¼ Z0ZT0 and consider its Cholesky decomposition, Y0 ¼ LTL.
(3) Deﬁne Zi as: Zi ¼ LTZ0.
(ii) Procedure for estimating the log-likelihood function
(1) Randomly generate realizations of the Gaussian germ X.
(2) Compute the corresponding realizations of g using Eq. (13).
(3) Estimate fpgj ðN
i
j;ZÞgi;j using classical methods.
(4) Compute fLlogðN1; . . . ;Npexp ;ZÞ.
Let MM;Q ðRÞ be the set of all M  Q real matrices. For A 2MM;Q ðRÞ, let kAk1 be the inﬁnite norm of A deﬁned by
kAk1 ¼maxi¼1;...;M
PQ
j¼1jAijj. For NOPT ¼ 10;000, the random search procedure is illustrated on Fig. 3, where for each Z 2Z,
the pair ðkZk1;fLlogðN1; . . . ;Npexp ;ZÞÞ is reported.
3.3. Stochastic solver
The aim of the section is to propose a numerical strategy for solving the stochastic homogenization problem which
corresponds to the presented model. More precisely, we want to characterize the macroscopic stochastic stiffness ten-
sor eeC ¼ eeCðhÞ. When the statistical ﬂuctuations are sufﬁciently small and the ‘‘poor or rich” regions are randomly dis-
tributed (that is in particular, no boundary effect is observed), the macroscopic stiffness tensor may be approximated
as isotropic (see Remark 2). Then, one has: eeCðhÞ ¼ 3eekðhÞJþ 2eelðhÞK, where eekðhÞ and eelðhÞ are the stochastic overall
bulk and shear moduli of the material, respectively (J ¼ 13 i
 i, K ¼ I J, i and I are the second and symmetric
fourth-order identity tensors respectively).
eekðhÞ and eelðhÞ are also represented using a polynomial Gaussian chaos
expansion:6.4 6.5 6.6 6.7 6.8 6.9 7 7.1
2800
2820
2840
2860
2880
2900
2920
2940
2960
2980
Fig. 3. Graph of the pairs ðkZk1;fLlogðN1; . . . ;Npexp ;ZÞÞ for NOPT ¼ 10;000, horizontal axis: kZk1 , vertical axis: fLlogðN1; . . . ;Npexp ;ZÞ.
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v;jvj¼1
kcv
Hv Xð Þﬃﬃﬃﬃ
v!
p ; eel hð Þ ¼ Xp
v;jvj¼1
lcv
HvðXÞﬃﬃﬃﬃ
v!
p ð23Þ
The parameters fkcvgv and flcvgv are determined using the orthogonality of the Hermite polynomials, that iskcv ¼
1ﬃﬃﬃﬃ
v!
p E eek hð ÞHv Xð Þ ; lcv ¼ 1ﬃﬃﬃﬃv!p E eel hð ÞHv Xð Þ
n o
ð24ÞNote that the computation of the mathematical expectation EfeekðhÞHvðXÞg corresponds to a multi-dimensional integration
processE
eek hð ÞHv Xð Þ  ¼ Z
Rm
eek hð ÞHv xð Þ/m xð Þdx ð25Þ
where /m is the m-dimensional canonical normal density. Eq. (25) can be solved by Monte-Carlo numerical simulations
(Rubinstein, 1981) which require the computation of the macroscopic moduli for each realization. For each realization of
X, Eqs. (6) and (13) provide the realization of the stochastic process f ðx; hkÞ, fromwhich the realization of Fðx; hkÞ is computed
in turn using Eq. (2). Two successive homogenization procedures are then performed and provide the realization eeCðhkÞ (and
thus,
eekðhkÞ and eelðhkÞ). Those calculations are performed as follows:
 from the microscale to the meso-scale: for each meso-volume Xj (1 6 j 6 N), the volume fraction
FðjÞðhkÞ ¼ Fðx; hk; Þ;x 2 Xj is derived from Eqs. (2) and (6). Then, a mean-ﬁeld approach or any computational homogeniza-
tion procedure can be used for estimating the mesoscopic properties (see Bornert et al., 2006; Nemat-Nasser and Hori,
1993). Thus, we derive the realizations of the N mesoscopic stiffness tensors feCðrÞðhkÞgNr¼1.
 from the meso-scale to the macroscale: once the mesoscopic stiffness tensors have been determined, a suitable linear
homogenization scheme can be used in order to determine the overall mechanical properties of the realization of the com-
posite material with random meso-structure.Remark 2. In a more general context (in the case of larger ﬂuctuations with possible boundary effects), the ﬂuctuations at
the meso-scale make the overall stiffness tensor anisotropic. However, the methodology can still be applied for generating as
many realizations (of the mesoscopic random ﬁeld) as needed in order to obtain converged statistical estimates on the
effective stiffness tensor.4. Experimental analysis and micromechanical interpretation
4.1. Principle and application
The experimental identiﬁcation of the parameters involved in the probabilistic model requires the consideration of m real-
izations of the microscopic random ﬁeld. The samples are composite plates deﬁned with respect to a Cartesian coordinate
system ðOxyzÞ (see Fig. 2). The dimensions in the Ox, Oy and Oz directions are respectively denoted by hx, hy and hz, and
are such that hz  hx and hz  hy. The random ﬁeld is then considered as two-dimensional.
Dealing with a randomly ﬂuctuating volume fraction, a classical method would be to weigh composite samples twice,
before and after the resin burn-off. However, such a methodology has two main drawbacks:
(1) it is time-consuming and hardly achievable in practice, taking into account the number of samples that are necessary
to achieve converged probabilistic results,
(2) it is a destructive control technique.
Of the above two points, the ﬁrst one is certainly the most problematic and then, deﬁning another experimental iden-
tiﬁcation procedure turns out to be necessary. The basic idea relies on the fact that in most cases, the matrix and the
reinforcing material do have very different ultrasonic properties and thus, one can expect the velocities of some ultra-
sonic waves (propagating in directions to be determined) to be closely linked to the volume fraction. We assume that
the characteristic size of the clusters is closed to the one of the micro-volumes, so that these can be considered as iso-
tropic (in other words, random ﬂuctuations at lower scales are smoothed on each micro-volume). Note that within a
more general context, this assumption may not be justiﬁed, as discussed in Ostoja-Starzewski (2005). Then, one intro-
duces the velocity of longitudinal waves propagating inside an isotropic body (see for instance Royer and Dieulesaint,
1999):Vl ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Eð1 mÞ
qð1þ mÞð1 2mÞ
s
ð26Þ
Fig. 4. Equivalence between the heterogeneous solid and the associated homogeneous solid.
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Since the effective mechanical properties of this volume can be derived from an usual micromechanical analysis
(see Fig. 4), Eq. (26) provides a relation between the volume fraction inside the domain and the velocity of longitu-
dinal waves propagating inside it. Note that the methodology can still be applied considering any ﬁber orientation
tensor (and thus, to any anisotropic medium). In this case, the ultrasonic scannings have to be performed ﬁrst (a
preliminary analysis on the morphology is still necessary to deﬁne the waves to be considered), microstructural
information (at least, the distribution and orientation tensors of the ﬁbers) being then determined from classical
destructive methods. However, considering the case of an anisotropic body will signiﬁcantly complicate the non-
destructive analysis, since combinations of different waves have to be considered (Royer and Dieulesaint, 1999). It
is worth noticing that using such a non-destructive procedure, the size of the meso-volume becomes adaptive, since
the parameter tm involved in Eq. (2) can be calibrated from the probabilistic analysis on the characteristic length of
the meso-scale.
Remark 3. Note that the injection moulding does not introduce any porosity (which could disturb the ultrasonic testing).Remark 4. The so-called dynamic moduli measured by the non-destructive control are assumed to be closed to the static
moduli, so that they will be used for the micromechanical analysis. Note that within a theoretical framework, a previous
work by Willis (1985) (although derived in a slightly different context) also suggests that the Voigt estimate used for the
overall density (see Eq. (A.12)) is valid for the contrast in density considered in the application (around 3). It is worth notic-
ing that in general, the range of validity of such equivalences depends on the application and in particular, on the contrast
between the phase properties.
As an application, we consider an isotropic polypropylene matrix reinforced by long E glass ﬁbers. The properties of each
phase areE0 ¼ 1:535 ½GPa; m0 ¼ 0:41;q0 ¼ 900 ½kg m3
Ef ¼ 73 ½GPa; mf ¼ 0:21;qf ¼ 2600 ½kg m3
(
ð27Þwhere the mechanical properties of the matrix were experimentally determined (a database was used for the ﬁbers). Com-
bining Eq. (26) with a micromechanical analysis (detailed in Appendix A), one obtains the predictions illustrated on Fig. 5, on
which the prediction of a classical rule of mixture on velocities is also reported.
As expected, the function is increasing on the interval of velocities for the three estimates which naturally tend to 0 for
velocities close to the velocity inside the non-reinforced matrix (around 1991 ms1). As expected, it is seen that
 the dilute and Mori–Tanaka estimates coincide for small velocities or equivalently, for small volume fractions (typically
less than 0:07),
 the Eshelby’s scheme clearly overestimates the volume fraction and is not suitable for the analysis.
It is also interesting to note that for the interval of velocities in consideration (between 1991 and 2800 ms1), the map-
ping performed using the Mori–Tanaka scheme tends to slightly smooth the resulting random ﬁeld compared to the one
achieved using a simple rule of mixture on velocities (note that this observation is reversed for V > 2900 ms1 approxi-
mately). Thus, the Mori–Tanaka scheme will be used for the mapping between the velocity and volume fraction random
ﬁelds (see Appendix A).
In the following, we consider pexp ¼ 110 realizations of the random ﬁeld. The ultrasonic sensor used for the analysis
investigates a cylindrical volume of diameter D ¼ 14 mm which is close to the characteristic length of the ﬁber (mean
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Fig. 5. Predictions of the volume fraction using different homogenization schemes.
J. Guilleminot et al. / International Journal of Solids and Structures 45 (2008) 5567–5583 5575length: 8 mm; diameter: 12 lm). Samples are composite plates whose total dimensions are hx ¼ 260 mm, hy ¼ 150 mm
and hz ¼ 3 mm, respectively (see Fig. 6 for a general view of the experimental device). The analysis was performed over
a reduced domain of length hexpx ¼ 158 mm and width hexpy ¼ 98 mm (see Fig. 7), ﬁnally introducing N ¼ 84 micro-
volumes.
4.2. Experimental results
Two experimental realizations of the random ﬁeld f , determined by combining the velocity measurements with the
micromechanical analysis, are shown on Figs. 8 and 9 and illustrate how the volume fraction (at the microscale) ﬂuctuates
over the composite part. For x in X, the graph of the mean function x7!f ðxÞ is shown on Fig. 10 and demonstrates that the
random ﬁeld realizations do not exhibit any particular boundary effect (see Section 4.3).
The correlation matrix Rcf , whose components are given byRcf
h i
ij
¼
bCf xi;xj brf xið Þbrf xj  ð28ÞFig. 6. Experimental device: robotic displacement and ultrasonic sensor.
Fig. 7. Composite plate and zone under experimental investigation.
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Fig. 8. Graph of the volume fraction random ﬁeld, experimental realization 1: x7!f ðx; h1Þ ¼ f ðx; y; h1Þ.
5576 J. Guilleminot et al. / International Journal of Solids and Structures 45 (2008) 5567–5583(where brf is the standard deviation estimate of random ﬁeld f : brf ðxiÞ ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃbCf ðxi;xiÞq ), is also represented in a meshed view on
Fig. 11 (see Section 4.3). Fig. 12 shows the graphs of three marginal probability density estimates, computed fromSexp using
Eq. (12). The convergence analysis of the statistical reduction is performed using the graph of function p7!Conv-KLðpÞ shown
on Fig. 13. It is seen that the approximation deﬁned by Eq. (6) can be reasonably written considering M ¼ 41
(Conv-KLð41Þ  10 %).
4.3. On the stationarity of the random ﬁeld
We assume that the domain under investigation is far enough from the edges of the composite plate (see Fig. 7), so that
there is no boundary effect. Then, we assume that the random ﬁeld f can be approximated by a homogeneous random ﬁeld
f s. Note that this results in introducing a model uncertainty that will be discussed in a forthcoming paper. As an illustration,
let bf be the overall mean value estimate, deﬁned by bf ¼ 1NpexpPNi¼1Ppexpk¼1 f ðxi; hkÞ. The 2D graph of the mean function is com-
pared to the graph of the overall mean value on Fig. 14. It is readily seen that the mean function slightly ﬂuctuates aroundbf (with a coefﬁcient of variation which is less than 5%) and thus, it can be approximated by the function x7!bf .
Then, Eq. (6) becomes
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Fig. 10. Graph of the mean function x 7!f ðxÞ ¼ f ðx; yÞ.
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Fig. 9. Graph of the volume fraction random ﬁeld, experimental realization 4: x 7!f ðx; h4Þ ¼ f ðx; y; h4Þ.
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a¼1
ﬃﬃﬃﬃﬃ
ka
p
gawaðxÞ ð29ÞFurthermore, it follows that the correlation function only depends on the relative position of points x and x0 and is typ-
ically formalized using the lag vector s ¼ x x0 (Vanmarcke, 1983). Considering the experimental data (see Figs. 11, 15
and 16), we further assume an exponential correlation structure, so that the normalized correlation function is written
asqf ðsÞ ¼ exp 
sx
Lx
 sy
Ly
 
ð30Þwhere su and Lu are the component of s and the spatial correlation length in the direction u, u ¼ x or y, respectively. Using a
classical least-square method, one computes the experimental spatial correlation lengths Lx and Ly:Lexpx  24 mm
Lexpy  6 mm
ð31ÞThe ﬁtted correlation function is illustrated on Fig. 17.
0
20
40
60
80
100
0
50
100
—0.5
0
0.5
1
1.5
Fig. 11. Meshed representation of the correlation matrix.
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Fig. 12. Examples: graphs of the marginal probability density estimates of g1 (solid line), g10 (dashed line) and g20 (dotted line).
5578 J. Guilleminot et al. / International Journal of Solids and Structures 45 (2008) 5567–5583It is interesting to note that Lx  Ly, which is physically consistent (since the ﬂow lines are in the direction x). Further-
more, this result suggests the following conditions on the length ax and width ay of the meso-volume (see Soize, 2008):ax P L
exp
x ; ay P L
exp
y ð32Þandax
ay
 L
exp
x
Lexpy
ð33Þ5. Conclusion
The main objective of this study is the characterization of volume fraction stochastic ﬂuctuations in ﬁber reinforced com-
posites. For this purpose, a theoretical stochastic framework and the associated experimental investigation have been pro-
posed. Relevant scales (namely, the micro-, meso- and macroscale) are ﬁrst introduced and allows one to proceed to two
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Fig. 13. Graph of the function: p 7!Conv-KLðpÞ.
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J. Guilleminot et al. / International Journal of Solids and Structures 45 (2008) 5567–5583 5579successive homogenizations. Then, considering the nature of the ﬂuctuations (along both the spatial axis and the probabi-
listic dimension), the volume fraction at the microscale is modelled as a random ﬁeld and the construction of a suitable prob-
abilistic model is proposed.
More precisely, a statistical reduction of the random ﬁeld is performed using a Karhunen–Loeve expansion and the prob-
abilistic interpolation of the random vector involved in the representation is carried out using a polynomial Gaussian chaos
expansion. The identiﬁcation of the chaos coefﬁcients is classically carried out using the maximum likelihood principle, lead-
ing to a high-dimensional optimization problem solved by a random search. Assuming an isotropic elasticity, the random
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Fig. 15. Graph of the function sx 7!expðsx=LxÞ (marker: experimental value, solid line: modelling), horizontal axis: sx .
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Fig. 16. Graph of the function sy 7!expðsy=LyÞ (marker: experimental value, solid line: modelling), horizontal axis: sy .
5580 J. Guilleminot et al. / International Journal of Solids and Structures 45 (2008) 5567–5583effective bulk and shear moduli are further represented using a polynomial Gaussian chaos expansion whose coefﬁcients can
be determined coupling the double-scale homogenization procedure with a non-intrusive stochastic solver.
An experimental procedure dedicated to the identiﬁcation of the parameters involved in the probabilistic model is also
presented and relies on velocity measurements (using a non-destructive ultrasonic method). The combination of these
experimental results with a micromechanical analysis provides realizations of the volume fraction random ﬁeld. In par-
ticular, it is seen that the volume fraction can be modelled by a homogeneous random ﬁeld whose spatial correlation
lengths are determined and may provide conditions on the size of the meso-volumes to be considered. The impact of
such volume fraction random ﬂuctuations on the stochastic macroscopic mechanical properties will be presented in a
forthcoming paper.
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Fig. 17. Graph of the correlation function with ﬁtted parameters.
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Appendix A. Micromechanical analysis
The aim of this appendix is to estimate the effective mechanical properties of a micro-volume and thus, to determine the
relation between the volume fraction and the velocity Vl. For this purpose, we consider the Mori–Tanaka estimate (i.e. the
matrix is considered as the reference medium and is subjected to its own stress, see Benveniste, 1987; Bornert et al., 2006;
Mori and Tanaka, 1973), which allows to take into account the interactions between the inhomogeneities. The choice of this
homogenization scheme is justiﬁed by the ‘‘matrix-inclusion” morphology of the studied material as well as by the expected
mean volume fraction (lower than 20%). Note that an improved micromechanical modelling could be obtained considering
the Ponte Castañeda and Willis bounds which allow one to consider independently the inclusion shape and the spatial dis-
tribution (Ponte Castañeda and Willis, 1995). The isotropic effective stiffness tensor Chom provided by the Mori–Tanaka
scheme is given byChomMT ¼ Cð0Þ þ
XN
r¼1
cðrÞ CðrÞ  Cð0Þ 1 þ PðrÞih i1 XN
s¼0
cðsÞAðsÞi
 !1
ðA:1Þwhere AðsÞi is the strain concentration tensor for the phase s, deﬁned asA
ðsÞ
i ¼ Iþ PðsÞi CðsÞ  Cð0Þ
 h i1 ðA:2Þ
Cð0Þ is the stiffness tensor of the reference medium (that is, the matrix), cðrÞ and CðrÞ are the volume fraction and the stiffness
tensor of phase r, respectively. PðrÞi is the Hill tensor of the inclusion r (we recall that P
ðrÞ
i ¼ SrESH : ðC0Þ1, where SrESH is the
Eshelby tensor of the inhomogeneity, see Mura, 1987) and I is the symmetric fourth-order identity tensor
(2Iijkl ¼ dikdjl þ dildjk, where dij is the Kronecker delta). Here, a phase r corresponds to ﬁbers whose orientation is deﬁned
by the same unit normal nr . Since ﬁbers differ only in orientation, one has8k 2 ½1;N;CðkÞ ¼ Cðf Þ ðA:3Þ
where Cðf Þ is the stiffness tensor of the ﬁber. Taking into account interactions between the ﬁbers, one classically introduces
the integral form of Eq. (A.1), substituting for instanceXN
s¼0
cðsÞAðsÞi
 !1
! ð1 cÞIþ c
4p
Z
knk¼1
A
ðsÞ
i dS
 !1
ðA:4Þwhere c is the volume fraction of ﬁbers inside the volume under consideration. Finally, the effective stiffness tensor is now
given byChomMT ¼ Cð0Þ þ
c
4p
Z
jjnjj¼1
Cðf Þ  Cð0Þ
 1
þ PðrÞi
 1
dS ð1 cÞIþ c
4p
Z
jjnjj¼1
A
ðsÞ
i dS
 !1
ðA:5ÞWe further assume that the curves of the ﬁbers are sufﬁciently small so that the Eshelby tensor of a straight ﬁber can be
substituted for the one corresponding to a (curved) long ﬁber (see Fig. A.1). Let us now consider the well-known Walpole
basis fEig6i¼1 (Walpole, 1981)
Fig. A.1. Schematic of the equivalence between real medium (curved ﬁbers) and modelling (straight ﬁbers).
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 iT ;E2 ¼ iN 
 iN
E3 ¼ iT
iT  E1; E4 ¼ iT
iN þ iN
iT
E5 ¼ iN 
 iT ; E6 ¼ iT 
 iN
ðA:6Þwhere iN ¼ n
 n, iT ¼ 1 iN and 2ða
bÞijkl ¼ aikbjl þ ailbjk for any second-order tensors a and b. We recall that any trans-
versely isotropic fourth-order tensor D can be expressed asD ¼ cE1 þ dE2 þ eE3 þ fE4 þ gE5 þ hE6 ¼ ½c;d; e; f ; g; h ðA:7Þ
and then, basic tensor operations simply reduce to elementary algebraic operations (Walpole, 1981). In particular, letting by
fEigr the basis associated with normal nr and phase r, one hasCð0Þ ¼ E
0
ð1þ m0Þð1 2m0Þ 1;1 m
0;1 2m0;1 2m0; m0; m0 r ðA:8Þand (Ponte Castañeda and Willis, 1995)P
ðrÞ
i ¼
ð1þ m0Þð1 2m0Þ
2E0ð1 m0Þ ;0;
ð3 4m0Þð1þ m0Þ
4E0ð1 m0Þ ;
1þ m0
2E0
;0;0
 !
r
ðA:9Þwhere E0 and m0 are the Young’s modulus and the Poisson ratio of the isotropic matrix, respectively. Here, the index r means
that the Walpole basis is expressed in fEigr . It is readily seen that the integration over the unit sphere in Eq. (A.5) results in
integrating the Walpole basis. Making use of1
4p
Z
knk¼1
n
 ndS ¼ 1
3
1;
1
4p
Z
knk¼1
n
 n
 n
 ndS ¼ 1
3
Jþ 2
15
K ðA:10Þwhere J and K are the classical symmetric fourth-order tensors deﬁned by J ¼ 13 i
 i and K ¼ I J (i is the second-order
symmetric identity tensor: iij ¼ dij), one easily proves thathE1i ¼ 23Jþ
1
15
K; hE2i ¼ 13Jþ
2
15
K
hE3i ¼ hE4i ¼ 25K; hE5i ¼ hE6i ¼
2
3
J 2
15
K
ðA:11Þwhere hEii ¼ 14p
R
knk¼1 EidS. Combining Eqs. (A.1) and (A.11), one derives the effective stiffness tensor C
hom and then, the over-
all properties Ehom and mhom (whose expressions are not be provided here, given their complexity). Finally, the density of the
composite is obtained from the rule of mixtureqhom ¼ cqf þ ð1 cÞq0 ðA:12Þ
where q0 and qf are the densities of the matrix and ﬁbers, respectively.
Substituting the micromechanical predictions into Eq. (26), one ﬁnally deﬁnes a function K: c ! Vl ¼ KðcÞ which can be
inversed and yields, from a measured velocity ﬁeld, the corresponding estimate of the volume fraction ﬁeld. Note that for
each realization of the random ﬁeld and for each micro-volume xt , one takes c ¼ f ðtÞðhkÞ.
Remark 5. Assuming that the interactions between ﬁbers are negligible (that is, for c ! 0), one may consider the dilute
scheme, also known as the Eshelby’s solution. The corresponding effective stiffness tensor is then given byChomESH ¼ Cð0Þ þ
c
4p
Z
knk¼1
Cðf Þ  Cð0Þ
 1
þ PðrÞi
 1
dS ðA:13Þ
J. Guilleminot et al. / International Journal of Solids and Structures 45 (2008) 5567–5583 5583and can be computed using the same methodology as for the Mori–Tanaka estimate.
Remark 6. Note that part of this micromechanical modelling can also be used for computing the realizations of the meso-
scopic stiffness tensors, once the mesoscopic random ﬁeld has been determined using Eq. (2). In this case (where only the
effective properties are computed, with no reference to velocity measurements anymore), one considers, for each meso-vol-
ume Xj, c ¼ FðjÞðhkÞ.References
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